This study proposes a dynamic response analysis procedure for traffic-induced vibration of a monorail bridge and train. Each car in the monorail train is idealized as a dynamic system of 15-degrees-of-freedom. The governing equations of motion for a three-dimensional monorail bridge-train interaction system are derived using Lagrange's formulation for monorail trains, and a finite element method for modal analysis of monorail bridges. Analytical results on dynamic response of the monorail train and bridge are compared with field-test data in order to verify the validity of the proposed analysis procedure, and a positive correlation is found. An interesting feature of the monorail bridge response is that sway motion is caused by torsional behavior resulting from eccentricity between the shear center of the bridge section and the train load.
INTRODUCTION
In the last two decades, there has been a significant need for new transportation systems due to traffic problems in major cities of the world, including Japan. This need to adopt new transportation systems has produced the monorail systems in Tokyo, Osaka, Tama, Kita-Kyusyu, and Naha of Japan.
In contrast with railway bridges, a monorail system employs steering and stabilizing wheels to firmly grasp the track girder of monorail bridges and, as a result, the rolling of monorail trains can affect the dynamic response of the bridge. A few three-dimensional analytical models of the bridge-car interaction system have been developed for highway (for example, [1] [2] [3] [4] ) and railway bridges [5] [6] [7] [8] [9] [10] . Some studies have even focused on the vibration of a railway track under moving trains. Xia et al. [8] studied the dynamic interaction of long suspension bridges with running trains, and a three-dimensional finite element model was used to represent the long suspension bridge. Lei et al. [9] developed a dynamic computational model for the car and track coupling system using the finite element method. Ju et al. [10] studied the vibration characteristics of a three-dimensional arch bridge under the running of high-speed trains. However, little useful data on the dynamic response of monorail trains and bridges has been reported as yet.
This study proposes a dynamic response analysis procedure for traffic-induced vibration of a monorail bridge and train. The governing equations of the monorail bridge-train interaction system are derived using Lagrange's formulation for monorail trains, taking the surface roughness into account, and using the finite element method for modal analysis of the monorail bridge. The validity of the proposed analysis procedure for traffic-induced vibration of monorail bridges is verified by comparison with field-test data for the monorail system. Field measurement was carried out during operation. The surface roughness of track girders was measured, and used in the analysis. Analytical results on the displacement and acceleration of the monorail bridge and the acceleration of a car in the monorail train were compared with field-test data.
THEORETICAL PROCEDURE FOR MONORAIL TRAIN-BRIDGE INTERACTION

Bridge system
The typical configuration of the Osaka monorail steel structure is shown in Figure 1 . The structure consists of two steel box track girders, cross beams, lateral bracings, supports and piers. The finite element (FE) method for modal analysis is used as a tool for idealizing bridges for dynamic response analysis [11] . Bridges are considered to be an assemblage of beam elements with six-degrees-of-freedom at each node. The consistent mass system and Rayleigh damping [12] are used, respectively, to form the mass and damping matrices of the bridge model. A process known as Guyan reduction is used to improve the efficiency of calculation [13] .
The equation for forced vibration of a bridge system under a moving monorail train is given in Eq. (1):
where, M b , C b , and K b respectively denote the mass, damping and stiffness matrices of the bridge. w b indicates the displacement vector of the bridge. f b is an external force vector due to the moving monorail train. (･) represents the derivative with respect to time.
Rayleigh damping gives the damping matrix C b, based on the assumption that it is a linear combination of the mass and stiffness matrices [12] as shown in Eq. (2):
where, p and q are constants, obtained by solving the two simultaneous equations which result upon specifying the damping ratio for two modes of vibration [12] . Using the first two modes the constants are as follows:
where, ω and h are the angular frequency and damping ratio, respectively. The values of the damping ratio for higher modes can then be determined by:
The displacement vector of the bridge w b can be defined in terms of the normal coordinates q i and mode vector φ i as follows:
Monorail train
A monorail car has two bogies which are each composed of pneumatic tires for running/steering and stabilizing wheels. A photograph of the monorail train is shown in Figure 2 . The dynamic behavior of the car is assumed to be sufficiently represented by a discrete rigid multi-body system with 15-degrees-of-freedom (DOF) as shown in Figure 3 , where m indicates the mass; K, the spring constant; C, the damping coefficient; and z, y and θ indicate, respectively, the vertical, lateral and rotational displacement. The sign is positive if the direction of deformation is downward. Pitching occurs from the rear bogie to the front bogie, rolling from the right side to the left side and the yawing from the front to the rear.
Governing equations for a car in the monorail train are derived using an energy method based on the Lagrange equation of motion, as shown in Eq. (7). This is one of the most popular methods for formulating a dynamic system with great power and diverse utility [14, 15] .
where, T is the kinetic energy, U e is the potential energy, U d is the dissipation energy of the system, and a i is a generalized coordinate.
The kinetic energy, potential energy and dissipation energy of a train on a bridge are developed by modifying the energy equation
for a vehicle on a highway bridge [16, 17] . These energy equations are expressed in a set of generalized coordinates as follows: 
where, nv is the number of cars in a monorail train, I is the mass moment of inertia, the subscript ν is the number of cars on the bridge, the subscript i is an index indicating the suspension position of a car (i=1 and 2 are the front and rear suspensions, respectively), the subscript j is the tire position in a bogie ( j=1 and 2 are the front and rear tires of the bogie system, respectively), n is an index indicating the left and right sides of the car, and R vimjn is the relative displacement at springs/dampers. δ ij is Kronecker's delta. Details of the notation are summarized in Table 1 .
Relative displacement can be defined as follows:
where, V 0imjn denotes the relative displacement of the bridge and surface roughness at the contact points of wheel positions. Appendix A gives details on the governing equation for a car in a monorail train.
Monorail bridge-train interaction
The load vector due to a moving monorail train is given by Eq. (16) where, Ψ vimjn (t) is the distribution vector which distributes wheel loads through a beam element to each node of the element, and P vimjn (t) is the wheel load of the monorail train. The wheel loads, such as the lateral forces at the steering and stabilizing wheels and the vertical force at the driving wheels, are expressed, respectively, by Eqs. (17) and (18) as indicated below:
where, m v11 , m v21 and m v22 indicate, respectively, the concentrated mass of the train's body, and the front and rear bogies. g denotes gravitational acceleration. K vimjn and C vimjn are the spring constant and damping coefficient of cars in the monorail train.
The simplified matrix form of the monorail bridge-train interaction can be expressed as follows.
(Steering-wheel) (Stabilizing-wheel)
where, M b and M v represent, respectively, the mass matrices of the monorail bridge and train. C b * , C v and C bv represent the damping matrices of the monorail bridge, train and bridge-train interaction system, while K b * , K v and K bv indicate the stiffness matrices for the same system.
Numerical algorithm
The dynamic equation for the monorail bridge-train interaction is a non-stationary dynamic problem since the coefficient matrices of the equations vary over time. Thus, the simultaneous differential equations involved in the bridge-train interaction system are solved using Newmark's β method as the numerical integration technique [18] . β of 0.25 is used to obtain stable and accurate solutions.
Solutions can be obtained with a relative margin of error of less then 0.001. Figure 4 shows the algorithm for analyzing monorail bridge-train interaction. Dynamic response of the bridge is estimated by superposing up to the 50th mode (f 50 ＝131.27 Hz). One fifth of the highest natural period is used as the time interval (Δt) in the analysis.
FIELD-TEST
To verify the validity of the monorail train-bridge interaction analysis developed here, a monorail steel bridge with a span of 34.8 m (see Figure 5 ) was tested and analyzed under a moving train. The acceleration and displacement response of the bridge were measured in a field-test. On the train side, the acceleration response of the second car in the monorail train was recorded. The test involved surveying the surface roughness of the tracks. Figure 5 and Table 2 show, respectively, the configuration and structural properties of the tested bridge. A digital video camera equipped with a telescope was used to measure the dynamic displacement of the bridge. Image processing was used to convert the recorded image to displacements. Accelerometers and displacement measurement targets were positioned at the span center of the bridge as shown in Figure 6 .
Monorail steel bridge
Monorail train
To examine the dynamic responses of a monorail train, accelerometers for the vertical and lateral directions were installed at a position 1.45 m to the left of, and 2.05 m back from the front axle of the second car in the train (see Figure 7) . The properties of the empty train used in this test are summarized in Table 3 . Passenger numbers were counted during the test as summarized in Table 4 .
The average traveling speed of the monorail train is recorded to be about 55 km/h, and this is used in the analysis for comparison with experiments. For initial condition of the monorail train when the trains entered a bridge, running monorail trains are already in a vibration state due to surface roughness before entering the bridge in the analysis. The mass of the train in the analysis is decided as with passenger numbers counted during the test.
Surface roughness
The field-test involved profiling the surface roughness of tracks for use in dynamic response analysis. Figure 8 shows the positions measured. An electronic staff and laser level (TX-22: E-base Co., Ltd., Japan) were used to measure the surface roughness (see Figure   9 ). The electronic staff and laser level were installed, respectively, at the inspection car and the end of the span. A high-pass filtering technique was used to truncate the static component due to the weight of the inspection car during profiling. The power spectral density curves of the measured profiles were plotted with ISO estimates [19] (see Figure 10 ) to assess the condition of the roughness and to generate artificial surface profiles. The bold line in Figure 10 indicates the measured PSD curve. Equation (20) provides the equation for curve fitting [20] .
where, S z0 (Ω) is the power spectral density of the surface roughness; Ω is the spatial frequency (cycle/m); and α,βand n are, respectively, the roughness coefficient, shape parameter and a parameter to express the distribution of power of a given PSD curve [20] .
The parameters of Eq. (20) are assumed as the following based on measurements of a monorail bridge. For information, Figure 11 shows the artificial surface profile taken from a Monte-Carlo simulation method and measurement, in which the measurement was Table 5 shows the mode shapes and natural frequencies of the observation bridge derived from eigen value analysis. The first mode shows that vibration of the monorail bridge is dominated by a lateral bending mode. For the monorail train, the sway motion of the body has the lowest natural frequency as listed in Table 6 . Observations also indicate that the difference in frequency between the lateral modes (2.806 Hz) of the bridge and car (0.912 Hz) ensures little possibility of resonance between two systems.
NUMERICAL RESULTS
Eigen value analysis of bridge and trains
Comparison of analytical results with field measurements
Comparison of analytical results with field-test data is summarized in Figures 12, 13 and 14 . Figure 12 shows the dynamic displacement response to the moving train in the vertical and lateral directions at the span center of the track girder, obtained from analysis and field-tests. Analysis yields displacements of 11.8 mm and 1.33 mm in the vertical and lateral directions, respectively. The corresponding values for vertical and lateral displacement from the field test were 11.5 mm and 1.05 mm, respectively. This shows that the analytic values agree well with field test results. The lateral displacement of the monorail bridge is caused by a torsional effect due to the eccentricity between the shear center of the bridge and the vertical load of the train.
It is noteworthy that, in bridge modeling, no special calibration was carried out but the existing drawings and design reports are used.
On the other hand, for modeling the train, the properties provided by the monorail train manufacturer were used. In comparing the analytical result with measured ones, the artificial surface profile showing the best agreement among 100 samples with the measured profiles as shown in Figure 11 is used in the analysis.
The acceleration responses at the observation point of the bridge and the second car in the monorail train, found by analysis and field-testing of the bridge, are shown in Figures 13 and 14 . Figure 13 shows that the amplitude of the field-test acceleration in the vertical and lateral directions is slightly greater than that predicted by analysis. The Fourier spectrum shows that the dominant frequencies in field-tests and analysis are located, respectively, near 5.267 Hz and 5.096 Hz relative to the vertical and lateral bending modes (see Table 5 ). Figure 14 shows the analytical and experimental acceleration responses of the monorail train. The analytical results for acceleration responses of the car in both the lateral and vertical directions also agree well with field test results, even though the hinge between the cars is neglected in modeling the monorail train. As for the spectrum, experimental results on the dominant frequency are observed to have a smaller set of values than those given by analysis. It is noteworthy that the load effect of the passengers counted during the field-test is regarded, in analysis, as 60 kg of mass per passenger.
It is a natural consequence that the actual phenomena of the monorail bridge-train interaction system are expressed well by the proposed analytical method, because the time history profile and Fourier spectrum of the theoretical response match well with those obtained in experimental results, in the light of potential sources of error. However, measured results have significant additional peaks in the amplitude of acceleration frequency domain compared with the analytic ones. One of the reasons for the phenomenon may be the difference of the train model compared with the real one; that is, the effect of motor, mechanical system, and others of the real train on experimental results may provide the difference. Another reason for the phenomenon may be the difference of surface profiles used in analysis compared with those of experiment even though the most similar surface profile among the simulated profile samples is used in the analysis.
CONCLUSION
A procedure was proposed for analyzing traffic-induced vibration of a monorail bridge under a moving monorail train. The analytical displacement and acceleration at the span center of the bridge were compared with field-test results in order to verify the validity of the procedure. The effectiveness of an analytical method for dynamic response of the train was also investigated by comparing with experiment. The major conclusions that can be drawn from this study are as follows:
1) The natural frequency difference between the lateral modes of the bridge (2.806 Hz) and car (0.912Hz) ensures little possibility of resonance between the two systems.
2) The dynamic displacement found by analysis agrees well with field test results. It is noteworthy that the lateral displacement of the monorail bridge is caused by a torsional effect due to the eccentricity between the shear center of the bridge and the vertical load of the trains.
3) The acceleration response in the vertical and lateral directions, found by analysis, also matches reasonably well with field-test results.
4) The experimental results for acceleration response of the car in both lateral and vertical directions agree well with field test results, even though the hinge between the cars is neglected in modeling the monorail train.
5) The validity of the proposed analytical procedure suggests that it can be used for further study, in areas such as riding comfort of the train, and seismic response analysis of the monorail bridge-train interaction system.
ACKNOWLEDGEMENTS
The authors wish to acknowledge the assistance given to them by Osaka Monorail Co., LTD. Thanks also go to a former graduate student Mr. Kamizono of Kyobashi Mentech Co., LTD, Mr. Kanbara, a graduate student of Osaka University and Mr. Phimmasone, a graduate student of Kobe University for their kind support.
APPENDIX A. EQUATION OF MOTION OF A CAR WITH 15DOF IN A MONORAIL TRAIN
The equation of motion for a car in a monorail train can be derived by substituting equations (7), (8) and (9) into Eq. (6) (   1   1  14  14  14  14  3  12  12  12  12  4   1  11  11  11  11 Kv1312, Cv1312
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